In this paper we construct new generalized Euler polynomials and generalized Euler numbers attached to χ. We investigate some of the properties that are related to generalized Euler polynomials. We also derive the existence of a specific interpolation function that interpolates generalized Euler polynomials at negative integers. Finally, we investigate computationally the roots of the generalized Euler polynomials E n,χ (x) for values of the index n.
Introduction
Euler numbers E n are usually defined by means of the following generating function [1] :
where E n is interpreted to mean that E n must be replaced by E n when we expand on the left. These are classical numbers and are important in mathematics and in various fields such as analysis and number theory. Frobenius extended numbers such as E n to the so-called Frobenius-Euler numbers H n (u) belonging to an algebraic number u with |u| > 1. Let u be an algebraic number. For u ∈ C with |u| > 1, the Frobenius-Euler numbers H n (u) belonging to u are defined by the generating function [2] [3] [4] [5] [6] 
For u ∈ C with |u| > 1, the Frobenius-Euler polynomials H n (u, x) belonging to u are defined by [1] e H (u,
The following formula was first studied by Euler. Since
For m, n ∈ N, we obtain
The purpose of this paper is to construct the generalized Euler polynomials E n,χ (x) attached to χ and derive a new Hurwitz's type L-function that interpolates the generalized Euler polynomials E n,χ (x) [3] [4] [5] [6] [7] [8] [9] [10] .
Generalized euler numbers and polynomials
In this section our primary goal is to give generating functions of the generalized Euler numbers and polynomials. These numbers will be used to prove the analytic continuation of the q-L series. Let χ be a primitive Dirichlet character of conductor f ∈ N. We assume that f is odd. Then the generalized Euler numbers associated with χ , E n,χ , are defined by
We now consider the generalized Euler polynomials associated with χ , E n,χ (x), which are also defined by
We make the following remark.
Remark 1 Note that
Let n be a positive even integer and χ a primitive Dirichlet character of conductor
by comparison of both sides we have
THEOREM 2.1 Let χ be a primitive Dirichlet character of conductor f (=odd) ∈ N, n a positive even integer (n > 0), and m ∈ N. Then we have
we have the following theorem. THEOREM 2.2 Let χ be a primitive Dirichlet character of conductor f (=odd) ∈ N. Then we have
Next, we introduce the Euler zeta function and Hurwitz Euler zeta function.
DEFINITION 2.3 For s ∈ C, the Euler zeta function is defined by
We now set
Then we have d dt
From (5) and (6) we obtain the following theorem. THEOREM 2.4 For any positive integer k, we have
DEFINITION 2.5 For s ∈ C, the Hurwitz Euler zeta function is also defined by
Using (1) we see that
Differentiating both sides of (7) with respective to t, we have
From equations (7)-(9) we obtain the following theorem. Using (10) we easily see that
Then we have
and
From (11) and (12) we obtain the following theorem. By simple calculation we have the following theorem. THEOREM 2.10 For any positive integer k, we have
The beautiful shape of generalized Euler numbers and polynomials
In this section we describe the generalized Euler numbers E n,χ and demonstrate computationally the beautiful shape of generalized Euler polynomials E n,χ (x). First, we plot the generalized Euler numbers E n,χ , n = 1, . . . , 10, in figures 1 and 2. Our numerical results for generalized Euler numbers E n,χ are displayed in table 1. For n = 1, . . . , 10 we plot the generalized Euler polynomials E n,χ (x). This shows the 10 plots combined into one. For n = 1, . . . , 10 we display the shapes of E n,χ (x), n = 1, . . . , 10, −20 ≤ x ≤ 20 (figures 3 and 4). 
Distribution and structure of the zeros
In this section we investigate the zeros of the generalized Euler polynomials E n,χ (x) computationally. We plot the zeros of E n,χ (x), x ∈ C, for n = 20, 40, 60 and 80, f = 3 and x ∈ C (figures 5-8).
Next, we plot the zeros of E n,χ (x), x ∈ C, for m = 40, f = 5, 7, 9 and 11, and x ∈ C (figures 9-12).
In figures 5-12, E n,χ (x), x ∈ C, has Im(x) = 0 reflection symmetry. This translates into the following open problem: prove that E n,χ (x), x ∈ C, has Im(x) = 0 reflection symmetry.
Our numerical results for the numbers of real and complex zeros of E n,χ (x) are displayed in table 2. The result was obtained using Mathematica ® software. We calculated an approximate solution satisfying E n,χ (x), x ∈ R. The results are given in tables 3 and 4.
Stacks of zeros of E n,χ (x) for 1 ≤ n ≤ 40 from a 3D structure are presented in figures 13 and 14.
Finally, we consider more general problems. 4. Since n is the degree of the polynomial E n,χ (x), the number of real zeros r E n,χ (x) lying on the real plane Im(x) = 0 is then r E n,χ (x) = n − c E n,χ (x) , where c E n,χ (x) denotes complex zeros. See table 2 for tabulated values of r E n,χ (x) and c E n,χ (x) .
The authors have no doubt that investigation along these lines will lead to a new approach for employing numerical methods in the field of research of generalized Euler polynomials E n,χ (x) in mathematics and physics. The reader may refer to [2, 8] for details. Using the results of our paper the reader can observe the behaviour of the roots of generalized Euler polynomials E n,χ (x).
